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Numbers aad words are alike in that they are used to describe the 



world* Fur there the more eulij 



d the uoei*p the greater 



the detail and quality of the information h® caxi be given through each 



of them* A weatherman can say that it will be partly cloudy tomorrow 

.o 



with a high of 88 * But to a more knowledgeitbl^i audience^ he may also 



say that the clouds will b@ cumulus building to 14^ 000 ft* with cloud 



cover increasing from » S to * 8 j humidity 78 % and precipitation 



probability 20%* To obtain the Information represented by the numbers 



used in this more detailed statement required ability to interpret decimal 



fractionSfl percentages^, and some idea of what is meant by probability* 



Eel the most fundaments! number situations^ th® relation of the 



number to the physical world i® direct* The number 4 can be directly 



associated with a physical set of apples* But as th® study of number 



roceed© to more involved ©ituationSo this relation is sometimes pushed 



into the background* Sn learning the basic addition factSo it would be 



inefficient for a child to phrase each occurence of each combination in 



terms of pennies or apples, 



to add fractions is involved enough 












so that insisting on a physical interpretation iov each fraction at each 
step would foe confusing* Furtherp emphasis on the inner structure of 



mathematics often suggests essplanations based on mathematical laws 



rather than explanations based on physical situations* For example 

3 6 



the fact that 4 ^ J denrjonstratad mathematically without 

recourse to any concrete situation at all by appealing to abstract laws 



and definitions: 



^ ^ ^ 1 

^ (saw rr 1 

4 4 



identity law 



X |2 X 2" 



inverse law 



Z 



V «*-» 

4 2 



definition of multiplication 
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definition of multiplication 



Such de™ emphasis on the real world allows more mathematically 



precise treatment of numbersa but it also requires added concern that 



the use of numbers be made clear* There is limited value in teaching a 
student to divide two fractions if he remains incapable of recognizing in 



what situations such a division can b© used* 



MODELS 



In learning to use number Sp a cMld developes certain mental patterns 



which allow him to see similarities among concrete iltuations and apply 
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geaersl inlorxsisttion already discovered to articular cases# These patterns 
have been called variously soheyna^^ modelSp and constructs# We will use 
the word • 'model” in discussing these patterns which are developed in 
learnings since this word is suggestive o£ tlie uses made of them in 
arithmetiCp in spit© of the fact that "model” is in current use in several 
different contexts# A person may use a model which he holds as a remembered 
visual image in order to identify a figure as a s<iuare» Students develop a 
model for an "unknown” which allows them to think about addition in 
situation® like 4 + ? 7 ^ even though they don’t know the second addend# 

A model is used in various ways# St allows identification# John has 11 ^ # 
He spends 4^„ How much has he left? 

A student who has a working "take away” model for subtraction will 
identify this as a subtraction problem;^ 4j^ is being ^ken away from 
II ^ t, therefore subtraction Is the correct procedure# A model can be used 
to justify an algorithm. In the subtraction algorithm^ tlie need for borrowing 
is justified using the "take away” model# For example^ in 

725 

-682 



we must borrow in the ten’s column because 8 tens can’t be taken away 
from 2 tens# A simple model may be used in explanlng part of a more 
complicated situation# Subtraction is involved in the division algorltlun* 

WM i i i n rnff* I 

1# For briefness^ the word "problem” will be used only to refer to real 
world problems# Thus we won’t call 11 • 4 *3 ? a problem# This is only 
a convemencep and does not represent common usage# 



r 



4 



A th@ division 



5 



afTS 




0 

we aufoti’act to see that when five ths-ees are taken away frosn 15, it 
leaves nothings Models can foe used to back up abstractly stated laws of 
arithmetic and to verify and reinforce results obtained through abstract 
reasoning« For example, the abstract argument used to prove that 
^ a ^ can be verified by looking at 3/4 of a circle^ and then sub« 
dividing the quarters into oights. Now, rather than appealing to precise 



but perceptual maagims no matter how you cut it, it*s the same pie^ 

A child chooses from a broad range of patterns as he builds his own 
collection of models^ He may use a remembered picture or an essplanatlon 
given to him by a teacher for some particular problem, A teacher's decision 
to suggest a particular approach to a problem either to a group or in giving 

individual help can thus be seen as a crucial one. 

As we consider learning with attention to the formation of models, 

we are lead to inquire about the advantages and disadvantages of various 
types of models, ft is useful for a model to be general, that it apply to a 
large class of problems. But a proposed model can be so general that a 




mathematical laws to show that 



we appeal to the imprecise 



child will fail to 8«@ ita appli«^ation. To t©U a third grader *'To hpIvo 
this paroblemp multiply 4 by 3 5 •' h@lpi only with one problem » But 
at the other e^tremOo to tell himo ”£n solving problems^ always take 
into account all possible cases^ " probably won''t help him at alL Even 
the most Imsic models have some built-in difficulties^ *’Take away*’ 
will help solve a lot of problems and aid in explaining the subtraction 
algorithmp but students need help in seeing why problems which ask 
"How many more?" are instances of "take away’% and it is hard to 
justify 9 C«2| s 11 with this modeL A student who accepts the 

attitude that all subtraction is "take away" will meet difficulties in 
rationalis!;ing a number of other situations in which subtraction is neededa 
But in spite of occasional spots that require, special attention^ there 
are a limited number of basic models which can be applied generally 
enough to use them as a hinge on which to swing most arithmetic problems,-. 
Because of the power of these basic models^ it seems worthwhile to examine 
them earefuliyo ^ following units the grouping models a very basic 
model for applying multiplication and division^ is explored and extended 
through various sub-models’ as an Illustration of the conceptual model 
approach to the application of mathematics. 
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TmAcnmo the use of humbee and operation 

USOE Project 
R. a. Qaeon 

Unit L MultipUcation 

THE aROUPENO MODEL 

The fundamental model for muUipUcation is the grouping models 
to find the total number of objects in a set of equal groups^, multiply 
the number of groups by the number in each group. Henry has 3 bags 
of marbles with 4 marbles in each bag» How many marbles has he ? 
There are thE*ee numbers in this problem^ each with a distinct function; 

3 X ' 4 ^ ? 

number number in total 

of groups each group 

Whenever a grouping problem in resolved into a multiplication sentence^ 
we will maintain this order^ the first factor representing the number of 
groupSo the second the number in each group. This is in keeping with 
the old wordings 3 fours are 121. ; 

A teacher who maintains a convention such as thisd at least in explan^ 
ationso <can avoid some cor^usion to her studentB. Finding four three °s 
that iSfl solving 4x3®? will produce the correct answer to th® 
problem abovep but saying ’’four threes" over the picture 
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which l8 corirect, but imay cause unexpected difficulty when there are 
seven yifsnrbles in ea.ch o£ tbire® 

As the unorthodox grouping of marbles pictured above suggests^ 
there i» no single proper way to solve a grouping problem. In fact, any 
problem that can be resloved into a x b » ? can also be resolved Into 
b X a » ? . For illustration, consider the marble problem above, which 
seems to be natural for 3 x 4 =■ ?. Label the bags A, B, and C, and 



tHe marbles with a letter and 1, 2. 3, and 4 as follows! 




Now we can mentally group by numbero 
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which c^TK be viewed two wsiysj, either as 3x4 or as 4x3 



thereby 
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serves as a model for the commuUve property which states tiiat iot 
all whole niambers a and bp axb«bxao 



■EXEECKSES 

io Draw a picture showing a grouping oi 3 bags oit .? marbles each 
which is described by 7 x 3 ss ?, 

2, Explain why the area of a -S” by 4” rectangle is 12 square inches 
in two different waysg using two different groupings^ 

3o A deck of cards is dealt into 4 equal hands with 5 cards in each 
hando Explain how this problem can be resolved Into both 4 x 5 ». ? 
and 5 X 4 ss ? „ 
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4„ A boat owner has room to hoist !wo flags on his mastp If he has 
four flagSp all differento how many different two flag signals could 
he display? 
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DlAQRAhlS SHOWma GEOUPENG 

There are TOsny ways of showing grouping situations. The device chosen 
to iUustrate a particular problem depends on the nature of the problemo 
and on the possible power of the illustration in analyasing more involved 
problems, A few ways off picturing grouping are shown and briefly 

discussed below, 

{1} Proximity grouping 

X 

XX X 



This is 
extended to 



E X 3 s ? 

probably the simplist way of picturing groupings,’ It can be 
grouped groups,, to illu&vtrat® three factor murdplication, 



X X 
X X 



XX XX 

XX XX 



X X 
X X 



XX XX 

XX XX 



E X |3 X 4| “ ? 



{Z} The us© of boundaries 




Boundaries without proximity grouping can be useful in teaching 
division as the Inverse o£ multiplication. For example, in constructing 
the figure above, draw ail 8 alemeots before making the boundaries to 
show the division ? x 2 « 8 , {Mora on this later. > Grouping 



groups can also be UXustrated uiing dl0©rent kinds o£ boundasries^ 




|3J Rectangular arrays 

XXX 

XXX 

2 X 3 a ? 

A rectangular array,, grouped first by I’ows and then by columns^ 
illustrates the cominutative law for multiplication,, 





{4} Area 




There are Z strips with 4 square inches in each stripo 












{S} Voluifti© 





volume is an ej^ampl® of grouping grpupSi. 



a» Count 4 cubic units in th® bottom row of the front stack. 



b. There are 2 such rcfws in the front atackp 2x4-? 
Co There are three such stacks in the whole block„ 

3 X |2 X 4]) s ? 



|6) Humber line 

Quantities can be represented by lengths on the number Une„ with 
groups of e<^ual length depicted by humps above the line. 







3x2® ? 



Number line pictures can also be used In fractional situations 
(to be discussed more lat®r)o 
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CE03S FEODUCT 

Two related grouping devices^ which can be used more easily 
in certain abstract problem than those listed above, are described iii 
this section and in the one following. Consider a problems A spy 
kit contains 4 false moustaches and 3 false beards. How many 
different disguises can a spy possibly v/ear, using this kit? 

This problem is not quite so directly classed as a grouping model 
multiplication as the marble problem in the first section. But we 
can see the groupings if we name the various moustaches and beards, 

moustaches beards 

1 a 

2 b 

3 c 

4 

and group the possibilities by moustaches? 

la 2a 3 a 4a 

lb Ic 2b 2c 3b 3c 4to 4c 

4 X 3 s ? 

in the language of set theory w@ have formed, in this solution, 
the cross product of two sets, {l, 2, 3,4} and {a,b, c}. 

Definition? The cross product of two sets is the set of all ordered 

pairs that can be formed by choosing the first element of an ordered pair 

\ 

from the first set and the second element of the pair from the second 
set. For example, 

if S 3! {1,2, 3, 4} and {a,b, c}, then 
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S JC T ^ flo ®lp 1^0 ®4o f^p {'^ 3^)0 I^P^L C^pt)|p f^p 

C4pah f4pb|o f4pC)). 

As ths grouping argument used to solve the problem indicateSp the 
number ot elements in a cross product is the product ot the numbers 
oi elements in the two setSo This can also be seen by arranging the 
elements oi the cross product in a rectangular arrays 



la 


Ea 


3a 


4a 


lb 


Eb 


3b 


4b 


Ic 


3c 


3c 


4c 



Why is the grouping pattern easier to see in the marble problem 
than in the disguise problem? One reason is that in the 0ret casep 
we are grouping concrete objectSo Even when the symbolsp AEp Blp • 
etc« 0 are attached to the marbles it seems only a device to aid in 
keeping tract of what marble goes into what group<, On the other hand 
in the disguise problencsp w© are concerned with possibilitiesp not 
concrete obJectSo The marble problem can foe solved by obtaining 3 
bags of 4 marbles each and counting marbleso But resorting to an 
actual spy kit does not allow the simultaneous physical formation of 










the set of all disguises which one must count to answer the questiona 



Attempts to soVv© the problem this way can lead to at most 3 disguises^ 
for example 4c„ Ebp and 3a„ and some, spar® moustacheSo The c^oss 



product solution described above is built on an abstract set of ordered 
pairsp whose elements represent hypothetical possibilities* By forming 
the abstract cross product set^, S x Tp we can think simultaneously 






abowt fee elasnents «2.aJ and |3. a) ^vitbwt being concerned about the 

iropoesibility oi the simwltaneons caletence oi the corresponding 



L Solve the marble 



of the first section by forming bvo sets 



and then considering their cross 
Zo In deciding what to wearp a girl finds that she can choose from 5 
sweaters and 6 skirtso Ignoring color clashesp find how many different 
combinations are possible., Explain yonr procedure^ 

3„ A man plans to drive from New York to Denver via Chicago, He 
discovers 3 acceptable routes from New York to Chicago and 4 
from Chicago to Denver, In how many different ways can he make the 

trip? Explain, 



TKEES 



problems to which an ordered pair for ordered set of n elemcntsl 
model apply do not always fall nicely into a cross product pattern. The 
solution of the following problem illustrates a us® of ordered triples 
v/hich is not a triple cross product? Find the number of different 3 
flag signals a sailor can run up his mast if he has 4 different flags. 

Name th® flags a„ c^ asid d. Any on® of the flags can be chosen 
to be the first one run up the mast, W® can separate the set of all 



■poosibilities into four groupSo depending on which flag is on topp 



a„ or bp or Cp or d 



4 X ? " total 






wmm 






19 



is a l^sntativ© st@p; w@ don’t know at thi© point in tho solution how 



inany possiblUtlos tlxosro ar© In 



It is not even tofeUy obvious 



that the Iouip gsroups v/Ul have the same numbeyo } 

Now eaoh o£ the louy groups can itself be grouped by the flag that 



'S nesct to the topt 







ab® 






Finally, 



we can see that each of these group© has 




two elements « 



-IT- 











4xp3t2])^4x6s total niisnber o^ 3«llag signalSc 



If we let S « {a» b„ c, d} . is tills final set of ordered trijiles tlio triple 

cross product is S x S x S ? No, because elements so.ch as K*>,»K 

cartesian or cross*productp 

'\b„cK andds.c.cT) of tlieAS x S x S, do not represent possible flag 



signals < 



OEO0PINO GROUPS 

It is interesting to compare the lechniqu® used in building trees wiith 
that used earlier in finding a volumeo U bufilding ithe tree*, we started 




mnUng aboTit the set of all possibilities by noting that the whole set 
oan be byoken up into four groups^ although the easact nature of the groups 
was a bit foggyp We hoped to find th® other factor in 4 x ? » total 
In turno we found a partial answer to this question in 4 x f3 x ?J « totalo 
Thus we produced a series of questionso in which each answer depends on 
a satisfactory answer to the following question until the very last questionp 
In contrasts in the volume problem^ w® work at each step with only a 
portion of the whole set of unit blocks » But at the end of each stepp we 
have a complete answer for some questionp for examplep at the end of the 
second Stepp we know that there were 2x4 unite in the front stacks 

Oenerally speaking in grouping situationsp it seems easier to proceed’ 
as in the volume problem^ where each *ub®que8n.lon in fully answered before 
the next Is undertakes^ o Howeverp without something concrete like the image 
of a block made from unit cubeSp it can be difficult to single out a sub- 
portion of th© set whose number is sought which can be easily generalised 
as a prototype ^for example a stack } for a set of equal groupso 



EXERCISES 

lo A man has tliree cans of paintp ,one readp one bluep one yellow* He 
intends to paint his 8on®s tricycle on® color and his wagon another using this 
paint* How many different results are possible? Does your solution involve 

the cross product of tWo sets? 

2* On Michigan passenger car license platesp a pair of letters are used 
as the first two characters and they are followed by four digitSp as for 



















f 



« J, 9 » , 

in UM ISlt « How many letter pair® ©an b© uaed? 

Can a cross product be used in the solution oi this problcnn? 

3„ How many different 4 flag signals could be hoisted on a mastp if 4 
different flags are available? 

So Solve the flag problem of the section on trees„1 starting by finding the 
number of possibilities in some definite subset of the set of all possibilities^. 

Solve the volume problem^ starting by sub-dividing the whole block 
of unit cubes into a group of groups. 
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CONCEPTUAL MODELS 

m 

TEACHING THE- USES OF NUMBER AND OPERATION 

USOHJ Projeict 
R„ G» Clason 



Uifsit Z, Whole mirnbex’ division without a yemaind^r 



INTRODUCTION 

.'^inwion is tha invax'se of multiplication, that is, a division 
question is a 'multiplication statement in which the product and 
on© factor ar® known, and the other factor is sought. Thus divi- 
sion problems can b® reduced to multiplication statement© with 
on® factor unknown. Since we have emphasised separate functions 
for the two factors in multiplicationp the first representing the num- 
ber of groups, the second the number in each group, w© ar® lead to 
two types of division pi*oblems, 

MEASUREMENT DIVISION 

Division problems in which the number in ea.ch group is known 

1 . . 

a.nd th® number of group© is sought ar® called measurement divi- 
sion problems. How many groups of 3 marbles each can be make 
from IZ marble©? 



? X i « 12 



L Th® word 'Wasurament” is suggested by the "measuring’* of 
the toial set in terms of sets whose cardinal number is the second 
factor, 
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Thi^ problem can b® solved by direct appeal to boundary grouping, 
by grouping three marbles at a tiiiae until all are encircled and 

then counting the number of groups^ 




The same general technique can be used on the nuinber line by 
counting 3 units in each hump, stopping at 12 units, and then 
counting humps » 

? X 3 s 12 




set is a process of repeated subtraction, and is used In escplaining 
the division algorithm. Removing 3*s fE*om 12 one at time, 




we can count the number of 3®s in 12 « 



«PI 



» 



WhiSil we become more efficient and remove more than one 3* 
group at a time (we group 3*is) » we need a sspecial column to 

keep track of themi 



? X 3 s 4269 



,J II ■■*■*■111 

14269 


H w-noloev' 
of 

■'fc 


-3000 


1000 


1269 




- 900 


300 


“ ~369 
- 300 


100 


69 




.. 69 


23 


“~^0 


1423 



4269 . 



As an example of a profolein in which the measuriement pattern 
in less evident, consider the following: How many different 3 
card 'hands are possible from a deck of 7 different cards? This 
problem is sjomewhat similar to th© flag problems given earliei o 
If we were looking for possible 3 flag signals from 7 different 
flags, the answer would be 7 X 6 X 5 ; 7 possibilities for the 

top flag, 6 for th® next, and 5- for the bottom flag f if this is not 
clear, think of a tree model) « However, we cannot carry this 
anaiysls directly over to the card problem., Na,ming the cards a , 
b , c , d , ® , f , and g , we see that while 






is a different sij 




from 



w2i 




is ths same hand a© 




Of th®s® two diff6r6iit typas of posslbilitias, th® flag possibilities 
aye arrangements since arranging the flags differently gives a dif- 
ferent possibility, and. the card hands are called c om binations 
since a different combi'iation of cards, without regard to their ar- 
rangement, is 3T0O[i?.ir8d to have a different possibility, 

Now, the following grouping 8tate.ment is true: 



To show a few of the groups involved in this mulliplication„ 



Finding the number in each group, i. 6o the nuiTiber of arrangements 
per combination, is a separate arrangement problem (like finding 
how many different 3 £I.ag ©ignals can be made from 3 different 
flags ) 0 In our problem, the answer is 6o Thus, the irmltipUcation 





abc abd abe 
acb adb aeb 
bac bad ba® 
bca bda bsa 
cab dab eab 



abd abe 
adb aeb 
bad ba® 
bda bsa 
dab eab 



eba dba eba and so 



dba eba and so forth# 



statement above becomes th® measurement division. 






6 




• 


7 3t ^6 X 5] 


arx’angements 




ccmbinationf; 


total 


per 






ar rangements , 


c ombination 









Suice 7 3 £ C6 sc 5) ss 7 % 30 « 210 „ the final resultp the replacement 

for is 210 4*6 s 3S , 

PARTITION DIVISION 

Division also is n@<sd©d when we know the number in the product 
and the number of groups. In this case the number in each group is 
sought this is called "partition division". How many marbles in 
each group if I divide (partition) 12 marbles into 3 equal groups? 

3 X ?■ 12 

Children usually have more difficulty with partition division problems 
than with measurement problems. On© reason for this is tiiat the divi- 
sion algorithm is built up from the measurement model by removing 
sets of known sis® from a total one at a time. The solution to a parti** 
tion division problem cannot b® directly perceived in this way. In a 
picture of 12 marbles, w@ cannot draw a boundary around one of the 
groups if we know only that there must be 3 equal groups. To draw 
the boundries, w® need to know how many there are in each group, 
which, unfortunately, is the answer - we are trying to 

get ato On th® number line, the situation is the satnie; 




we must draiw 3 equal humps wHhout knowing how large to make 
each one. 

Although thinking about pictures illustrating partition division 
does not lead directly to an answer, a familiarity with the parti- 
tioning pattern allows identification of a problem as one requiring 
division. Further, properties of numbers can be illustrated 
through the partition model. For eKample, the fact that 3 J 5 

O 

and j represent the same number can b® illustrated through 
partition division. On the number line, in trying to solve ?X 5 ^3, 
we search for the length of a segment having the property that 5 
of them will be 3 units long. 




Will a segment of length ^ units work? W® try it and see | after 

1 

first marking off each unit into ^ «, 

5 X r = 3 
5 




i 

ST 






1 



2 



3 



.1 



l 



i 



4 



Thus a setment whose length is 3 of 5 equal sub-divisions of a 

3 

unit ( the usual dlecrlption of p- ) i© also the length of a segment 
5 of which is 3 units ( the answer to 5 X ? s* 3) » 

THE INTEHREIATION OF THE PARTITIOH AND MEASUREMENT MODELS 
As it was possible to perceive the elements in a arectangular 



array as grouped either into rows of columns, so it is possible to 



Isaterparete division pfoblepns tiss?ough @ith<sr the partition or tneaeure^ 
ment model# To iUizstTrate thiSj, let ue solve what appears to be a 
partition problem using a measurement analysis#, jProblem s 12 rings 
are to be separated into 3 equal groups# How many rings are there 
in each group? 3 x ? » 12 We solve this partition problem by put^ 
ting the rings on three etakespon® ring at a time on each stake in 
turn until ail the rings have been distributed. A count then shouts 



4 rings per stake# 




On the otlier handp the answer to the partition questionp ’’how many 
on each stake ?o ” could have been found by the measurement device 
of first making layers {groups^ v/lth three rings in each (one such 
layer is the set of rings at the bottom of stakes). By measuring tl\© 
set of 12 rings using a ’ layer *' as a unit one could again determine 
that there would be 4 layei-s# ? x 3 tii? IZ^ ? s 4 #, The interi* elation 
of the two groupingSp layers and stake s^fwllp is made in recognising 
that 4 layers (groups) in the layer (measurement) grouping means 4 
on each stake fin each group) in the state (partition) grouping# 

As another example of a partition problem solved using the 






mei'iurement zi 2 odelp consider the jfoUowing problem and explanatioii 
given by a master teacher of arithmetic: 

boy haying 32 apples wished to divide them equally among 
8 of his companions; how many must he give them apiece? 

If the boy were not accustomed to ’calculatings he would probably 
divide them a by giving one to each of the boySp and then another „ and 
30 Orxo But to give them on® apiece would take 8 apples^ and one 
apiece again would take 8 morep and so on. The question then iSp, 
to see how many times 8 may be taken from 32; or^ which is the 
same things to see hoV/ many times 8 is contained in 32, It ie 
contained four times, Ans, 4 each, ” ’S' 

In analysing the ring problems our ability to perceive the 
rings in two different but interrelated grouping patterns is facilitated 
by the ease with which w© can physically or mentally move the rings 
around. We have no pre»- conception of any natural physical arrangement 
of the rings. For contrastp coxitslder the partition problem of a man 
who wants to cut a 12 foot board to make a bottomless 4 sided 
sandbo3{. How long should each side be? One hesitates to use 
a measurement explanation v/hich invoIveSp even mentallyp cutting 
the whole board into one foot lengths in order to make 4 stacks of 3 
‘boards each^ one stack for each side of the sandbox, 

’S'- Warren Col bur n^ Arithmetic upon the Inductive Method of Instruction, 
Boston: Jordan^ Sv/ift„ and Wileyp 1845 j pp, 142 , 



What should be recogm^ed in the sring argunnento as in the row 
and cplunm groupings of a rectangular array^ is that what we are 
doing is verifying the commuiative law for multiplication in a particular 
conte^ct. Stated in terms of a missing factor,^ this law says that,, for 
examplep solving 7 k 3 » IZ also produces the answer to 
3 X ? ^ IZ „ and vice versa. Thus the algorithm for division, 
developed through measurement division, also solves partition problems^ 
Thus the ultimate goal of achieving and understanding a general and 
abstract perception of the nature of multiplication and division with 
numbers, may be approached by using diff@i*ent models, bearing in 
mind and ultimately pointing out their relations to one anouther as 
well as to the operations as generalized abstractions. 

EXER CISES 

1, Make up 6 situations requiring divt8io^^, 3 which are easily 
analyzed using a measurement approached and 3 using a partition 
approach, 

2, Give an example of a division problem for which you would use 
a number line explanation, and one for which you wouldnH, 

3, Draw a number line picture for 7 x 5 s lO and for 5 x ? *s 10, 

7 

4, Draw a number line picture and use it to explain why and 

O 

% 8 • 

7^8 represents the same number , Do the same for ^ and 8 7* 7<, 

5o Have you taught children who had trouble with division problems? 
What do you think caused the difficulty? 



'6, A d^ck pf 52 ci^irdi is dsalt into 4 ©<^ns.l hands «. How many 
cajrds ays in ©ash hand? l2xpXain th© inteyyelatipn of paytition 
and nneasursment using this pyoblsmo 

7p How many dilferant poker hands are possiblfn? j5 card hands 
from a deck of 52 different cards « ) How many of these are aU 
hearts 7 (6 card hands from U heartSo ) How many different 
poker hands have all 5 cards from the sanoe suit? 

8p The solution to the card problem at the end of the section on 
measurement division may seem a bit awkwardp since it requires 
the computation of a large number of arrangements In order to find 
a smaller number of combinations^ Try a direct multiplication 
grouping attack on this problem using a treoo What difficulties 
do you encounter ? 

9o Explain why the division of apples problem given by Warren 
Colburn is a partition problem,, and why his solution of it Is a. 
measurement solution«> Using this problem „ ejiqilain the inter • 
relation of the t>vo models^ i* ®o p explain how finding the number 
of groups in on® situation gives the number in each group in another 
related situation. 
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Unit 3 . The Qiaantity model for Fractions; MnltipUcation 
INTRODUCTION 

There are varloiujg models for relating fractions to the 

3 

physical v/ovld. We could agree that ^ f means 4 X ? s 3 p 

and explain fractions through partition division. Or we cotdd agree 

that -T describes a relation between two setup the relation that for 
4 

each 3 elements in one set there are 4 In the other. However p 
the most used model for fraction.^ is the quantity model. 



o 



THE QUANTITY MODEL FOR FRACTIONS 



The quantity model for fractions extends the idea of expressing 



how many with a whole number to expressing how much with a 



fraction. •%- can express how much pi@p 



length 




or how much 



In expressing how muchp a fraction involves 3 separate 



quantities and associated numbers* First a predetermined uniti^ 
with respect to which th® quantity is to be measuredp corresponds 
to the number 1. This seems almost automatic^ particularly In 
talking about fractions of apples or pies. But as situations become 

ea 3 Q «e 



move involved® fi.il us'© to keep traok of the unit with reipect 

to which a quantity ia described can cause confusion. For 

3 

examples when we begin a problem by using of the dots in 

the accompanying drawing the '’unit” is the set of all the dots 

3 

and T describes the circled dots. However® when in the course 

4 



of the solution we use the fact that there are ei^ht dots in the 

diagram and siisc of them are circled we are using two different 

3 

units at once® the entire set and the individual dots. Clearly ^ 
does not equal 6o although both numbers describe the circled 
dots. If a student does not understand the root of this seeming 
paradoKe he may have difficulty completing his solution. 

The second quantity involved in a fractiono exrpressed through 
the denominator® is the key to the extension of the number system 
from whole numbei’s to fractions viewed as representing quantities. 
W® cannot be very precise in measuring the length of a line 



using only standard units® so a secondary unit or counter is introduced.. 

We cut the unit into® for esrampleo 3 equal pieces and agree to use the 
length of each as a counter and to describe its length with the naW number® ^ i 

- — I — I — j — I t I — 
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The introduction of such counters is ®quive.lent to assuming 
numbers which the answers to partition divisions of 1. 

The fundamental property of *| is that 3 X ^ ^ 1 p Abetractlyo 
this is esepresied by saying that w® have created a multiplicative 

i 

inverse for each counting number, i. a number by which we can 
multiply and get L From a quantity model standpoint ^ represents 
one of the 3 equal parts into which a unit has been divided. The 
selection of a convenient counter to use with a particular quantity 
is often an important matter. If we combine two quantities whose 
fraction representation are known and ask for a fraction describing 
the result, the key to the solution is finding a common denominator, 
d> for the two fractions. This is needed because ^ is a number 

describing a quantity which can be used as a counter for both of 

* » 

the original quantities a.nd also tot the combined quantity# 

The third and final number used to describe a quantity is 

the numerator of the corresponding fractioup which tells how 

many of the counter are in th© quantity which we are describing. 

4 means that in the quantity there are 3 counters, 4 of which 
4 

would make a unit. 



MULTIPLICATION 

In th® realm of whole numbers, we have established a grouping 
model to help us understand the relation of certain physical world 
situations to the mathematical operation of multiplication. It is 
now reasonable to ask how this grouping model can be extended to 






a pattern which will allow relating similar physical situations 
involving quantities to muMplication of fractions p Since the 

I • 

number line represents nicely many kinds of quantity, let us 
use it to represent some fractional groupings. 

3 

Making 5 round trips to Grandma's house of miles 

' 3 

each gives a total distance of ^ X . 



If on the fifth tripp w® don't come hom®o the total distance is 
1 3 

only X . 



Mr»p Quick has a recipe for goulash which calls for cups 

of minced oniono V/han she prepares this dish for the whole 

1 

clanp including grand childreiip she makes 2-^ recipes p 




3 

5 X « ? 

4 





/ 



3 ^ 




2 



which means 2g- X cups of onionp 







=» 34 - 



but 'whmtL she s® 3 ?v©s only the three members of the faimily 

^ 1 

3 * 

who stiU live a.t homeo she makes only of a recipe 



In drawing number line pictures for multiplication of 
fractions such as the ones abovep it is convenient to mark 
the number line with counters indicated by the second factor o 



the line into thirds of unitso This allows making each hump 
the right siseo and even all©vi;s finding an escact answer from the 
pielare when the first factor is a whole number » 



lo The occurrence of the word in a problem is a useful 

clue that multiplication is involved^ Biit the English language 
was not invented to facilitate problem solving# ' •Of'o like 
"take away"o is a useful clue but it is not entirely dependable# 
In the problems above o we want to ee® a common pattern for 

z\r X 4 - ? and 4 X 4 ^ ? # Th® word ”of” does not 
3 3 ^ 

always identify tMs pattern# It is compion to say of a 

reclpe’% but la not common to say ’* 2 ^ of a recipe” ' or even 



which means ^ ‘3 cups of onion# 





j p approximately 





We say merely ” 2^ recipes 



1 






35' 



Since th@ first factor teila how many hwnpB rathei’ than how 



many units p th^ra is apparently littl® to be gained by breaking 



ths unite on the number line into counters suggested by its 



denominator* This points up the fact thatp when the first 



factor is not a whole number o number line pictures such as 



those above cannot be depended upon to produce a precise 



answer w© can multiply using £h® usual computational meSiodp 



3 2 

for example D *4 ^ *3 



6 1 j -5 1 V ^ 

iz ^ “z ^ “f 



5 2 

2^1 



10 

T“ 



5 

I 



In the following seelion we will reconcile this method with 



quantity model grouping. 



EXERCISES 



Draw number lia© pictures for the following. 



1 . 4 X. I . ? 



2. 



^ 2 ,, ,2 

3* -g- X 3-^ s 



3 

2 



X 



1 



X -T' ae ? 



J ^ 4 



5a 60% of $24o 60 is how much? 



6* How far will you get in 3 houses and 20 minutes if you 



are traveling 50 miles per hour? 



much does Z Ibo 4 oz« of steak cost at $L 25 a lb* ? 



8* How many pounds in 3^ kilograms? (Use -^IbSo per kilogram* 



9o Write three problems involving fractional miiiitiplication which 



can be illustrated using the number line. 




Iiyggllllll 



laiiiiillfiiiiii^^ 
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UaiHG AREA AND GEOUPINO MODELS FOR ^ ^ ^ 

Th® ccnnection h^/®en grouping in the quantity model and 



the usual ’*top times top and bottom time® bottom'' method of 
computing the product of two fractions can be seen in finding 



the area of a rectangle° With this end in mindo let us find the 



area of a 



5 

4 



by 



3 

I 



rectangle o 




In Of dm* to Introduce a grouping patternc we can toUow the 

11 

the suggeation given by ^ and o the couhtera for the two 
sideSp and cut the rectangle into amaller equal rectangles o ^ by ^ 




To use the small rectangles as counterSe we note that tSiere 
are 4 columns of 2 each of them in a unit of area {marked 



with dashes ) 9 so that each counter 



1 

4X1 



units {square inches) 



of area. 



In the whole 




there are B columns of 



3 



each of these counterso so that 



5X3 

4XE 



describes the total 



area<> 






multiplication such as -g- X p thss same analysis la poasiblep 



that a square picture o:C a mlt of area cannot be di.*awa inside 

t 

We can however entend the picture to include 
a square unit so that v/e can find the number of area counters in ito 



a 1 - by rect 



/ 



I 




I 




In this picturoo there are 5X4 area coumters in a unit of area. 

3 7 

There are 3X7 area counters in the by rectangle. Thus 



th® a.r®a of the rectangle is 



21 

^ sq« units. 



EXERCISES 



1. Draw the diagi'ams you wordd us® in ejqplainmg with rectangles 



why each of the following is true. 




(c) 



1 .. 1 1X1 

«>P* ^ H IM 

3^4 3X4 




HllllllillllllililiiilM 



iiMilliiiiiiiiM 



- 









uimiiu. .. 



E. Di'aw a yectangl© pictur© iov ^ ^ 'g 

1 



To explain why 



the "cancellation’'' 




f work@p ohow how counters of size 



■ I 

FxT 



can b® used to find the area* Po the same for 




^Th® counters may not be rectangular.) 



5 3 

3p Using a rectangular picture of X p explain why 

the commutative law is true for multiplication of fractions i« a. o 

, t 5 ,, 3 3 V- 5 

shovf that -g* X * 5 - » "sr ^ ^ > 



MODELS FOK ~ X ^ USING THE NUMBER LINE 

0 d b X d 



The demonstration in the proceeding coctlcn thet cur method 
of multiplying fractions doe® what w® expect to do In grouping 
situations depends rather heavily on th© rectangular diagrams. 
The unmentioned shift from a unit of length to a unit of area 



makes the explanation rather difficult to extend to nonpar ea 

grouping. In order to^-see how the argument can be mad® within 

the framework of a mdre generally applicable modelo let us 

g 3 5X3 

investigate why ^ g’ ® 4 x?“ ® nutnber line. 





? 



As @ugg@»t@d mwlmvo th^ mmln difficulty in seeing how 

a precis# answer can be obtained by looking at this piotuife 
5 

is that ^ describes '»hUmp3'*o not units « If we knew how 

I 

many units of a hump waso we could take 5 of this amountc 



and have an answer* Using our experience with area to suggest 



counters of 




1 

mm 

8 



units for the siae of a counter 



let 



us attack this difficulty* 




We see that there are 12 of these counters in one hump^ 

In terms of counters p theup of a hump is a segment of 
length ”2" such that 4 X ? » 12 counters* This is a 
whole number partition division of a set ©f countersp a 
picture of which we can superimpose on our original 



multiplicatlon« 





in 



■MMil 









Of historical inter oat ia the following essplanatlpn of tnultipUcaUpn 
of fr actions : 

' Suppose we are required to multiply 4/5 by 2/3 . 



Uiodii/K 



*r]^»pMiTiiwfi/Lr w 



JU^ 



A C D E F B 



In this figure let the line AB be divided into five equal parts 
at the points C, and F. Then AF is 4/5 of AB, 



That iSj 1/3 of 1/5 s 1/15 of the whole. 

Then 1/3 of 4/5 must be 4 times as muchp or 4/15 . 

Then 2/3 of 4/5 must be twice 4/15^ or 8/15 , 



ThereforCp to multiply a fraction by a fraction^ find the 



product of the numerators for the required numerator and the 



product of the denominators for the required denominator. 



EXERCISES 



Use the number line to show that 



lo 



1 

tiUUi 

5 



X 



2 







U 

15 




24 

15 



o 



George Wentworth and David Eugene Smithy Complete Arithmetic^ 
Part Ip' Boston: Ginn and Compaayp 1909^ pp« 102 , 



t 



COHCJSFTUAL MODELS' 

m 

TEACHING THE USES OF HUMBER AND OPERA TION 

USOE Fi’oject 
E, Go Clason 



Unit 4e A 



lor Division ol Fractions 



MEASUREMENT DIVISION 

As in the case ol whol© mambor division without a rsxnalndsro division 



ol Ir actions in the quantity m< 



loSlows th© measurement and partition 



lo In the measurement^ we start with a fraction lor the sisse ol 
each group and a Iraction lor the total quantity to foe divided^ and look 
lor a Iraction describing the xmmh®w ol groups®, 

3 Z 

Consider the measurement division ' ? x ^ » 3 ® As In tine 

whole number cas8o we can use the known slae ol a ^roup to construct a 
pi chare by making one hump at a time® 



I L 3 



» 3 2 

? X rr ® 2 •“ 

4 3 









? ^ a little more than 3 humps. 



In order to keep things simple and to stress the grouping patteruo this 

picture Is sketched without doing any computation® Because ol thlSo ^ 

1 1 

choice must be made between counters ol length units and -r 



to be shown on the number line. 



the counter needed to construct 



a groupj, is used because the group siae is used repeatedlyp while the 









ol th© total appears only once iji ^ke i^lagraino 
The nunaber line picture of a imeasurement division has a sonaewhat 
different appearance when tiiie group is 
the picture can be drawn 



7 1 

than the totalo For ? x t ^ ° 

3 2 




? X 



? a about «r of a group 

3 



so thato even though the total does not include a whole groups, a whole , 
group is shown o 

As an example of the solution' of a problem using the measurement 

I 



divlsicn patterUo lotus change 5 



to kilogramSp There are about 



11 



S 



IbSo in one kilogram^ so using lbs«. for units „ w® must fine! how many 



U 



groups of -g- 



0 each are in 5 -r lbs« 

3 




r 3* “ £) *^ I 



£^LUJU 



xJ. 



? » almost 3 groups 



EXERCISES 

Draw number line pictures for the followlngo 



in 2 'a 2 

L. ? X » 3 



7 1 

2o ? X ^ » 11 * 

E 2 



5„ How mai^y kilograms in ^ lb ? 



60 How many lb@„ in Mlograsri 7 




How many cmo in 5 ^ inches ? 



80 How many Incbas in S cm? 



9o Work problems 5 and 6 using on® Ibo equal about $ kilograms 



Vi 



t*# 

and work problem® ? arid 8 using on® cmo eqiials about •g- Inp 



lOp Mrso Quick has lovgotten how many goulash recipes to make for the 

2 

whale clan,, but she rea-nember© that she use® 1 g cups of minced onionp 



she make? 

Up Mrp Checkit gets IS» 5 miles per gallon from his car on tripOo 
How many gallone of gas will be need to make a trip of 200 miles? 
lEp Write three problems that can be solved using fractions and measurement 
division, 

I3p How is the number line picture for problem 5 # 4 above similar to 
the picture for ? x 2 » 7 ? . 

PAHTETION DX¥SSEOM 

As with partition division of whole numbers,, sketching a number 
line pictur® for a partition division for fractions representing quantities 

is., complicated because tlie »lz® in units of on® hump is the unknown. To 

14 1 

show 3 •«- X ? B! -T must consteuct 3 hu|pps above a line 
S 3 2 

4 . . 

segment units long. 






<=» flW 



One cannot be v-sry accurate in const 



these hunope without some 



computation^ but in reasonably si 



cases* a sketch can be made well 






to illustrate dxe grouping pattern and to get an approximate fraction 



for the number of units in each 




Note that the counters used in this picture are unltSp the counter for 

the totalo This is tlie only counter available which measures units? the 
I 

in the 3 ^ describe groups^ not unltSo 

Since the question in partition division is *'how many units in one 
group? if the total does not include at least one full hump on the nunni'ber 
line pictures it is desirable to include a whole hump in the picture anyway* 

3 

For examplCp in the division ^ x ? =* 2 „ 



7 

9 

J. 

i 

we want to sketch a hump so that 3 of it is E units* Thus one hump must 

4 

fee bigger than Z units. 






o 



Gas BTiUsage problems caix be solved using the partition division model, 
Mr, Checkit Ends that his car went 105 miles on 5, 5 gallons of gas. On 
the averagOp how far did his car go on each gallon^ 




In this diagraiTip each hump represents a gallon’s worth of distance, 
EXERCISES 

Draw a numbtBr line picture for each of the following, Re=>wrlte 1»4 as 

division statements, 

13 3 1 

1, ’'l-rJS?“7 2, ?3£~5sl<r 

2 4 ,42 

D ^ o 

S'-ix?-!— 4 ?2cl~s:-i- 

“ 4 ^ *, ^ 

5. 6. 

7, What is the gas mileage for a car that goes 175 miles on 5„ 5 gallons 
of gas? 

8o Mrs, Quick has lost her cookbook. She wants to make on® recipe of 

goulash. In searching for the bookp she comes aci’oss a slip of |mper on 

which she has Jotted down the various amounts of ingredients needed for 2 “ 

2 1 

recipes. If she needed 1 — cups of minced onion for 2 — batches^ how 

3 £i 

much onion will sh® need for on© recipe? 



o 



9» ‘r oa<, ol Essens® o£ 1002 Lilacs costs ^ 4« 50. At this price how much 
5 

would on® OSS, cost? 

lOo Write three problems that can be solved u^ing the partition model for 
division of fractions. 



As with multiplication of fracttonso it is possible to reconcile com- 
putational methods for dividing fractions with the quantity- grouping model^y 
We will consider two ways of doing this^ the common denominator method 
stemming from measurement divisione and Hue invert and multiply method 



When we first looked at measurement division of fractions on the 

3 « 2 



number line using the eKmmple 



? 2E 



w® failed to get 



an e«;act answer from the number line picture because we did not want to 
complicate the basic grouping pattern by introducing counters of both' ™ 

j 

and -» units , Let us now accept this complication and proceed by 
choosing a new counter which will count segments of both thirds and fourths 



of units, A counter that will work is one of length 



3 2 

? X -7 * 2 T becomes 

4 3 



? X 



2 



12 



1 

»NUC«3 

4x3 

? X 



or 



12 



12 

3? 

12 




«48 



* • 



We can see jfs?oxn the picture that there are 3 husiips and 5 counters 



12 



units each) xnoreo But we are answering the question ”how many 



groups? Since there are 9 counters in a groups the B counters 

5 5 

represent o£ a groups and th® answer is 3 «« groups o 

In tills demons trationp we first describe the total length and the 

1 

size o£ one group oin two ways? in units and in counters of — umts„ 

With either descriptioUp w® see that the number of humps is the same» 

As a results we can phrase the question in terms of counters ratlier than 

9 32 

unitSp thus replacing th® fractional division ? st — ^ with the 

jLm JIm 

whole number division ? k 9 ® 32^ 'This leads to th® common de- 
nominator method of dividing fractions; 



2 



2 



T* 



4 






8 

3 



3 

4 



25 . 

12 



12 



32 



9 * 



32 



EXERCISES 

Using the following problems rewrite each as a division problem^ then draw 
a number line picture to illustrate why the common denominator method 
of division work®. 



? K 



2 



4 

5 



2 . 



? X 2~ 
£ 



4 „ 



INVERT AND MULTIPLY METHOD OF COMPUTATION 



VI Bing partition division, we can produce a different method for 

4 5 

dividing fractions. As an example, let us solve x ? ^ ' 




know to 



4 5 

with that ~ humps represents the same quantity as units, 
3 , — , — 2 



If we find 4 of the total quantity with respect to both descriptions, we 
4 

14 15 

find that *7 of ~ humps represents the same quantity as of ~ units, 

5 



4 



1 o 

h@nc®p — hump represents the same quantity as units. We can 

Jj r - r- lui t-i. i. • i»i-.ni» — i. ^ r.,,. i -nnr,-«T—r,n„n,n ..n i t ^ X fW 



superimpose a picture of this multiplication on our division picture 




^ y^hvmp . 

Since w© are interested in the sia© of one hump, 

% 5 

descriptions of *r hump | unit) by 3* 3 

^ 8 

5 

the same quantity as 3 x - 7 — — unitSo 
i— - 4x2 — 



let us multiply both 
X ~ hump represents 



f 






Henc<$p one huxBp the »ame quantity a 3 4 “^^^ ' Thus one 

3x3 5 ^ 

hump contains units, so that starting with the division T "J ^ 




3x3 

w® find that ? s ©r 







Thi s is a particular example of the old algorithm ; To divide one rational 
number by a second invert the divisor fthat is take its reciprocal! and 
multiply , 



Using the following divlsionsp drav/ number line pictures to illustrate that 
the invert and multiply method of dividing fractions' workSo 



CONCLUSION 

All applications of mathematics involve the idea of associating 
elements of our non-mathematical physical or mental environment with 
the elements of mathematical systemso Operations and problem solving 
processes are then carried out within the mathematical system and re« 
Interpreted back Into the context of the original problem. The more 
this stratify is understood the more people will understand botli the 
nature of mathematics and the processes by which it is used. 



33XERCISES 




Z 




Somewhat in reverses the building of an^ under standing of a mathe- 



tical system, in our case of the operations of multiplication and 



» f I 






division, may be greatly assisted by working wltli concrete and conceptual 
models of the logical abstraction which is the mathematicsp These units 
have reviewed different models and ways in which they may be used to 
discover or clarify the algorithms for and meaning of the operations of 
multiplication and division. 

The possession of an understanding of some basic or primary 
model as well as of a rule helps students to recall and to apply properly 
the rule. Such a basic conceptual model is an important tool for the 
teacher who can direct an Individual student or a class back to it either 
to clarify a new problem or as a beginning for a series of thought*. steps 
and problems which will lead to a new extension or processo 

This basic reference concepts should in time become familiar 
generaiiaatloris such as fee distributive law, the structure of a field, 
or the notion of an invero® operation. However, they may well begin as 
more concrete conceptual models such as the ’'take-away” or ’’part*! 
part* whole'' views of subtraction and the idea of multiplication as 
"number of groups times th© number in a group is the total number" 
as diacuesed above^ Such early coucreto conceptual model® serve aa 
a basis for applying matliematics, for solving problems, and for extending 
oux’ mathematical system toward Its ultimately more abstract and general 
structure®. 

Whenever the development and learning process comes to this 
stage, however, 'the cycle should be completed by returning to concrete 



or special situationa In which newly developed generaU7;ations or 
algorithms can be perceived and used In another physical or conceptual 
environment. Ultimately student# should not have to talk or think of 
''humps*' to complete mathematical problems or applications, Such 
models used early may help many students to move toward an ultimately 
deeper understanding. 
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